Simple description of the anisotropic two-channel Kondo problem 
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We adapt strong-coupling methods first used in the one-channel Kondo model to develop a simple 
description of the spin-i two-channel Kondo model with channel anisotropy. Our method exploits 
spin-charge decoupling to develop a compactified Hamiltonian that describes the spin excitations. 
The structure of the fixed-point Hamiltonian and quasiparticle impurity S-matrix are incompatible 
with a Fermi liquid description. 
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An important question in the current debate on non- 
Fermi liquids concerns their stability in a real-world en- 
vironment. Though it is possible to construct models 
with non-Fermi liquid ground-states, conventional wis- 
dom holds that real-world perturbations absent from the 
model will drive a non-Fermi liquid back to a Fermi liq- 
uid. This has led to controversy in connection with two 
non-Fermi liquid models: the one-dimensional Luttinger 
liquid 1 ' 2 , and the single impurity two-channel Kondo 
model, where the contentious perturbations are dimen- 
sionality 3 , and channel asymmetry respectively. 

In this Letter we confront this issue in the context of 
the asymmetric two-channel Kondo model. This model 
was first introduced by Nozieres and Blandin 4 

ft' = 5>!> + l)c A >) - H.c.] 



+ [Ji*i(o) + j 2 Mo)]-s d , 
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where A = 1, 2 labels two independent one-dimensional 
conducting chains, <ta(0) = C\ a (0)a a pC^p(0) is their spin 

density at the origin and 5<j is a localized spin 1/2 oper- 
ator. By tuning the anisotropy J2/J1, this model inter- 
polates continuously between a non-Fermi liquid state at 
the channel-isotropic point 5 ' 6 (J2/J1 = 1) and a Fermi 
liquid in the single channel limit 7 (J2/J1 = 0,oo). Fab- 
rizio, Gogolin and Nozieres 8 have recently argued that 
the relevant perturbation of channel anisotropy immedi- 
ately restores Fermi liquid behavior. However, when we 
contrast this model with the corresponding spin-1 model, 
itself a well-established Fermi liquid 4 ' 9 , we are faced with 
a series of puzzling differences. A new Bethe Ansatz 
solution 10 shows clear qualitative differences between the 
excitation spectra of these two models. In particular a 
new type of singlet excitation present in the spin 1/2 
model is absent in its spin 1 counterpart. In addition, er- 
tain features of a two-channel Fermi liquid close to chan- 
nel isotropy are expected to be universal 4 . Most notably, 
channel symmetry is expected to constrain the ratio of 
inter- and intra-channel interactions, leading to a Wilson 
ratio close to 8/3. By contrast, the 5=1/2 model ex- 
hibits vanishingly small Wilson ratios in this region, 8 ' 10 



Overscreened 



FIXED LINE 




FIG. 1. (a) Scaling trajectories for the two-channel Kondo 
model showing intermediate coupling fixed point and separa- 
trix; (b) scaling trajectories of the compactified two-channel 
Kondo model. The beta function for the two procedures co- 
incides at weak coupling, but in (b) the elimination of the 
over-screened fixed point leads to a redefinition of the cou- 
pling constants at strong-coupling that shifts the separatrix 
linking to infinite coupling. 



which require the introduction of an ad-hoc inter-chain 
Fermi liquid interaction of ever increasing size 8 . 

We clarify these points here by using a strong-coupling 
expansion. A novel approach is required, because the 
scaling physics of the two-channel 5 = 1/2 Kondo model 
is controlled by a separatrix at intermediate rather than 
infinite coupling (see Fig. 1). To overcome this diffi- 
culty, we exploit spin-charge decoupling to remove the 
charge degrees of freedom 11 . This procedure eliminates 
the over-screened fixed points, (Fig. f) moving the at- 
tractive fixed points to infinity where a strong-coupling 
expansion can be made. In the fixed point Hamiltonian 
we derive, we find that the spin-quasiparticles occur in a 
5 = or a triplet 5=1 branch. Unlike the Fermi liquid 
description, these quasiparticles are intrinsically channel 
off-diagonal and their interactions are completely con- 
strained in terms of the impurity phase shifts in such a 
way that the Wilson ratio drops to zero in the vicinity of 
channel isotropy. These results substantiate a conclusion 
that channel asymmetry does not restore a Fermi liquid. 
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The method used exploits two observations: (i) that 
the charge and pair degrees of freedom can be com- 
bined into a single SU(2) spin operator, commonly called 
"isospin" , 12,13 and (ii) that the spin and isospin vari- 
ables of a single linearized conduction chain form two 
independent spin degrees of freedom. For a linearized 
one-dimensional band, the mapping 
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where 



d\ = (c{, c\)-a- ^ C c 
f= (c{, c^-a-^J^ 



(2) 

(3) 
(4) 



are the spin and isospin density respectively, preserves 
the spin operator algebra. Under this mapping we may 
remove the (inert) charge degrees of freedom of the orig- 
inal two-channel Kondo model and compactify the spin- 
physics of this model into the following Hamiltonian 



Here 



H — Wband + Hint ■ 

Wband = «i^[4( n + l)ccr(n) - H.C.] 

n 

Hint - [Jia(O) + J 2 r(0)] • S d 



(5) 

(6) 
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and the spin and isospin of the single band represent 
respectively the spin-density of channel one and two in 
Eq. (1). The advantage of this procedure derives from the 
inability of spin and isospin to co-exist at a single site on 
a lattice, preventing over-screening. The unstable over- 
screened fixed point is thereby removed from the scaling 
trajectories and the scaling trajectories are deformed at 
strong coupling so that the (non-universal) location of the 
non-Fermi liquid fixed point is shifted to infinite coupling 
(Fig. 1). 

For the conventional Kondo model, our ability to iden- 
tify the ground-state as a Fermi-liquid is due to the spe- 
cial duality between the Anderson and Kondo models. 
Under this duality, the strong coupling limit of each 
model may be canonically transformed into the weak- 
coupling limit of its dual counterpart. These dual models 
represent two extreme limits of a single scaling trajectory. 
Weak coupling in the Kondo model controls the high tem- 
perature local-moment physics 14 ; strong-coupling in the 
Kondo model controls the low-temperature physics. Du- 
ality permits us to map the strong coupling physics of 
the Kondo model onto an Anderson model at weak cou- 
pling with renormalized parameters 9 . This provides the 
basis of Nozieres' phase shift Fermi liquid description of 
the Kondo model 7 . 

We now construct the dual to the compactified two- 
channel Kondo model of Eq. (5). The natural language 



here is that of Majorana fermions, whereby the two Fermi 
fields are rewritten in terms of four real (Majorana) com- 
ponents \& and # as follows 



(2(»)) = ^(*°W +< ^- ff ) 
In this representation we may write 

3 

Wband = it ^ tf Q (n + l)* a (n) , 

n,a= 

Hint = i [./* (0) x (0) + 2A* (0)*(0) 
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(9) 
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where J = \{Ji + J 2 ) and A = \{J X - J 2 ). Thus 
scalar and vector components of the conduction sea are 
completely decoupled in the channel symmetric model 
(A = 0). By contrast, in the one-channel limit, (4 = ±1) 
all four components of the conduction Majoranas are 
symmetrically coupled to the local moment, forming a 
model with an 0(4) <~ SU{2) x SU(2) symmetry derived 
from spin conservation on each separate channel. The 
symmetric Anderson model that is dual to this limit 

Ha = Wba„d + iV[4(0)d a - H.c] + ^(n d - l) 2 , (11) 

can be rewritten in the Majorana representation to dis- 
play this 0(4) symmetry 



H A = Wband + iV *a(0K - Udodnhda . (12) 

To develop the dual to the two-channel model we break 
the 0(4) symmetry in the hybridization down to an 0(3) 
symmetry, and write the following model 

H M = Hba„d + i[V s ^o(0)d o + K*(0) • d] - UdodKhda ■ 

(13) 

When we carry out a Schrieffer- Wolff canonical trans- 
formation that eliminates the hybridization terms, we 
find that the compactified two-channel model is recov- 
ered with 
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A = 



2V S V V 
U 



(14) 



Once we can confirm that the compactified two-channel 
Kondo model scales to strong coupling, we may immedi- 
ately use the Majorana resonant level model to describe 
the low-temperature physics. 

Next, consider the stability of the large J limit. For 
J>f, 7iband is a perturbation and the structure of the 
eigenstates is dominated by Hint ■ The eigenstates of Hint 
involve two singlets and two triplets separated by an en- 
ergy of order J. To examine the stability of this limit, 
we systematically develop a t/J expansion. This is done 
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by using a canonical transformation which removes, in 
powers of tj J, the mixing between the singlet and triplet 
subspaces. Working to order 1/J 2 it is sufficient to con- 
sider only the hopping between site and site 1 to obtain 
the strong coupling Hamiltonian 

H* =it ^ 4? a (n + 1) ■ *(«) +itJ2 + ^oW 

ra>0 n>0 

+ iy;*o(o)$ - c^*$*i(i)* 2 (i)*3(i) , (is) 

where U* = 3i 3 /4J 2 , U s * = A(l - i 2 /2J) and $ = 
-2i*i(0)^ 2 (0)*3(0) is a single Majorana field that is hy- 
bridized with the scalar fermions. By hybridizing with a 
zero-energy fermion, the scalar fermions experience uni- 
tary scattering, with phase-shift S — w/2. Since the 
vector fermions are excluded from the origin, they also 
experience unitary scattering, but with a resonance width 
of order t. The form of this Hamiltonian is thus isomor- 
phic with Hm given above and since U* <C t, the model 
is weak-coupling. 

The isotropic case A = has been studied in detail in 
previous papers 15 ' 16 ' 11 . At this point the scalar fermions 
decouple to form a free band of unscattered singlet excita- 
tions. The coupling U* between the localized Majorana 
$ is a 'dangerous irrelevant variable'. Though its ver- 
tex corrections can be neglected, it gives rise to logarith- 
mically singular contributions to the electron self-energy 
and thermodynamics. At T = 0, $ is asymptotically 
decoupled from the Fermi sea, forming a fermionic zero 
mode. This is the feature that is responsible 15,16 for the 
fractional zero-point entropy | ln2 5 ' 6 . At finite tempera- 
tures the three-body interaction with the conduction sea 
can be treated perturbatively. The 'dangerous' terms in 
the free energy to lead to a logarithmic temperature de- 
pendence of the spin susceptibility \a ~ m T an d specific 
heat 7 = ~ InT which combine to give a dimension- 
less Wilson ratio of 8/3. 

In the channel anisotropic case A ^ 0, the fermion 



$ acquires a finite lifetime: r* 



A /2t. Processes 



at energies u> > r $ 1 are insensitive to the anisotropy. 
Marginal spin-physics is thus exhibited over a finite tem- 
perature range t $ 1 < T < t. Once T < (t^ 1 ) the 
correct description will then be in terms of an effective 
Hamiltonian in which only the lowest lying singlet state 
remains. Since there is no residual degeneracy, this fixed 
point is stable. The scattering and interactions of the 
vector and scalar Majorana fermions off the singlet state 
will then be described by a renormalized Majorana reso- 
nant level model, of the type given above 

Hm = Hm[V*, V* , U*] 

+ igB (did 2 - d ds) + ifJ.(did,2 + d ds) , (16) 

where we have explicitly included a chemical potential 
and magnetic field in the z direction. 

We now use renormalized perturbation theory about 
U* = point 9 to obtain the low-temperature thermo- 
dynamics. We work to leading order in U* and con- 
sider the large bandwidth limit, with a density of states 
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FIG. 2. Leading terms in the charge and spin susceptibil- 
ities of the impurity. Positive and negative signs are for the 
charge and spin susceptibility respectively. 



p. The scalar and vector fermions develop resonant lev- 
els of width A s = irp\V*\ 2 and = 7^1/* | 2 respec- 
tively. The linear specific heat coefficient is then given 
by 7im P = if Pimp, where 



1/3 1 

Pimp " 27 I a; + A] 



(17) 



Fig. 2 shows the diagrams that need to be calculated to 
determine the susceptibilities. These lead to 



x i r = 
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tt(A„ - A s ) 
| ln(A„/A,) 
ttA v 7r(A„ - Ag) 
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(18) 
(19) 



Since the two-channel Kondo model corresponds to the 
large U limit of Hm, it follows that the renormalized 
calculation must lead to a vanishing charge susceptibility 



0. Using (18) to eliminate U*, it follows that 
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ln(A s /A„) 
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From (20) and (17) we obtain the Wilson ratio 



R 



3 "7imp 



1 + (lna)/(a - 1) 



1/a 



(20) 



(21) 



where a = A s /A v (see Fig. 3). This result extrapolates 
between —4a In a at low anisotropy and 2 as a — > 1 (the 
single channel limit), in qualitative agreement with the 
Bethe Ansatz solution. 10 At small anisotropy, the physics 
is dominated by the spinless scalar fermions, and this is 
the origin of the small spin-susceptibility and Wilson ra- 
tio. In the thermodynamic Bethe Ansatz solution, there 
is a two-stage quenching of the impurity spin entropy: be- 
low Tk the entropy saturates at i In 2 before quenching 
to at a new low energy scale. We may identify this sec- 
ond scale with t^ 1 . In the isotropic limit, the Wilson ra- 
tio found by Bethe Ansatz goes vanishes as R ~ —A In A 
(where A is the ratio of the two energy scales) in exactly 
the same fashion as the calculation presented above. 

We now turn to the question of whether this state is a 
Fermi liquid. Using Eq. (2) we identify the total spin of 
the excitations as S = (a + f)/2. At the fixed point, the 
spin-excitations in the two channels combine into two 
types of spin excitation, a singlet and a triplet repre- 
sented by the scalar and vector Majorana fermions: 
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FIG. 3. The dimensionless Wilson ratio, Xc^VTimp, as a 
function of the anisotropy a = A s /A v [see Eq. (21)]. 
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(22) 
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are delocalized between channels in a fashion that does 
not occur for rigidly defined electron quasiparticles. In 
this respect, the anisotropic two-channel spin-^ Kondo 
model is reminiscent of the Luttingcr liquid: although 
it displays similar thermodynamics to a Fermi liquid, 
its spin-charge decoupled excitations can not be recast 
in Fermi liquid form. This result is of potential practi- 
cal importance in systems governed by single-impurity 
two-channel Kondo physics, for it ensures the survival of 
non- Fermi liquid behavior even when channel asymmetry 
is destroyed. Equally important, our results refute the 
conventional wisdom, demonstrating that a relevant per- 
turbation to a non-Fermi liquid state does not inevitably 
restore an electron Fermi liquid. 
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where < k < it. These excitations are formed by corre- 
lating the spins across the two channels — a feature rem- 
iniscent of the 'spin fusion' process that plays a central 
role in the Bethe Ansatz solution 5 ' 10 . At the isotropic 
point, the scalar excitations decouple from the impurity. 
This is confirmed by the Bethe Ansatz solution, which 
shows that the linear specific heat capacity of the con- 
duction sea increases by a factor of 4/3 in going from 
the isotropic to the anisotropic solutions 17 . From the 
fixed point Hamiltonian, we deduce that the one-particle 
S-matrix of the spin excitations has the form 



^2— channel ^ ^ "t 6 ^ ^^Pv ; 



where S SiV (e) 



tan 



and 



V v = -[3 + a-T)] 



V s = -[l-a-r)} , 



(24) 



(25) 



project the excitations into the singlet and triplet 
channel 18 . This S-matrix is explicitly channel off- 
diagonal. Were the ground-state a Fermi liquid, the one- 
quasiparticle S-matrix would be channel diagonal, with 
spin-i quasiparticles that are individually confined to a 
definite channel. Unlike the Fermi liquid description, the 
quasiparticle interaction is completely constrained by the 
phase shifts, and does not need to be adjusted to fit re- 
sults obtained by other methods. 

These fundamental discrepancies between the spin ex- 
citation spectrum of the anisotropic S = \ two-channel 
Kondo model and those of a two channel Fermi liquid 
indicate that spin-charge decoupling is an essential fea- 
ture of two-channel Kondo physics; they enable us to 
understand why the spin-1 and spin- i models are so dif- 
ferent in the vicinity of the isotropic point. We have seen 
how the triplet and singlet spin excitations take advan- 
tage of spin-charge decoupling to form quasiparticles that 
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